Abstract. We show that if G is a linear algebraic group over a number field and if G is not a torus then for all but finitely many primes p the p-adic completion of G does not possess a Frobenius lift that is "Lie invariant mod p" (in the sense of [7] ). This is in contrast with the situation of elliptic curves studied in [7] .
Introduction
Consider a complete discrete valuation ring R with maximal ideal generated by a prime p and algebraically closed residue field R := R/pR. Then Frobenius lifts on p-adic formal schemes over R can be viewed as arithmetic analogues of vector fields on complex algebraic varieties; cf. [1, 2, 3] . In view of this analogy one is naturally led to ask the following question: what Frobenius lifts on p-adic completions of group schemes over R correspond to (translation) invariant vector fields on complex algebraic groups? A possible answer to this question is provided by the following concept. Let G be a smooth group scheme over R. Let us say that a Frobenius lift φ on the p-adic completion G 0 of an open subset G 0 ⊂ G is Lie invariant mod p if
where ω is a column whose entries form an R-basis for the left invariant 1-forms on G and λ is a matrix with R-coefficients. This condition is independent of ω and can be viewed as an arithmetic analogue of the condition that the Lie derivative along a vector field on a complex algebraic group kills the left invariant forms. A similar definition can be made mod p m . (Other arithmetic analogues of invariant vector fields were considered in [3] ; we will not discuss them here.) I view of [7] one is tempted to conjecture that any ordinary Abelian scheme G has an open set G 0 whose p-adic completion G 0 possesses a Frobenius lift that is Lie invariant mod p. In [7] we checked this conjecture for G any elliptic curve, in which case G 0 can be taken to be the complement of the zero section. (This is indeed an easy result; a more subtle result mod p 2 for elliptic curves was also proved in [7] .) Also it is trivial to check that the multiplicative group G = G m = GL 1 , and hence any split torus, has a Frobenius lift that is Lie invariant mod p m for any m (in which case G 0 can be taken to be G itself). over Z = O K , where n ≥ 2, then the above Theorem will hold for all primes.
The moral of our Theorem 1.1, and of results in [3] , Chapter 4, Section 4.11, is that, in the context of our theory in [2, 3] , there is no "naïve" arithmetic analogue of translation invariance of vector fields on linear algebraic groups; this state of affairs can be viewed as an a posteriori justification for considering more "sophisticated" arithmetic analogues of translation invariance as in [3] . For instance an arithmetic analogue of Lie algebras of algebraic groups was introduced in [3, 5] which does not rely on translation invariance. Also it is easy to see, cf. [3, 5] , that, in classical differential geometry, translation invariance of vector fields on frame bundles is a consequence of the conditions defining Chern and Levi-Cività connections; on the other hand the arithmetic analogues of these conditions make sense and therefore can be taken as a substitute, in arithmetic, for a strengthening of the concept of translation invariance.
The paper is organized as follows: in section 2 we introduce the relevant concepts and notation; in section 3 we state and prove our main result.
Main concepts
2.1. Frobenius lifts. Following [7] we quickly review some basic notation and terminology pertaining to Frobenius lifts. Let p be a rational prime. If S is a ring a Frobenius lift on S is a ring endomorphism φ : S → S whose reduction mod p is the p-power Frobenius on S/pS.
Similarly if X is a scheme or a p-adic formal scheme a Frobenius lift on X is an endomorphism φ : X → X whose reduction mod p is the p-power Frobenius on the reduction of X mod p. If X = Spec S or X = Spf S we usually denote by same letter φ the Frobenius lifts on S and X.
Throughout the paper we let R denote any complete discrete valuation ring with maximal ideal generated by p and algebraically closed residue field R := R/pR; such an R is uniquely determined up to isomorphism by its residue field (it is the Witt ring on that field) and possesses a unique Frobenius lift φ : R → R. For any Ralgebra S and any scheme or p-adic formal scheme X over R, Frobenius lifts on S or X will be assumed compatible with the Frobenius lift on R. For any ring S and scheme X we denote by S and X the p-adic completions of S and X respectively. We also define the Kähler differentials on the affine formal scheme X over R by
where R n = R/p n R, X n = X ⊗ R n , and Ω Xn/Rn are the usual Kähler differentials.
If X is smooth over R and φ is a Frobenius lift on X then φ induces an additive map
which, following [4, 3] , we view as an analogue of the Lie derivative on forms in classical differential geometry. By the way, the operator 2.1 is a lift to characteristic zero of the Cartier operator and plays a key role in the p-adic theory of differential forms. 
The above condition is independent of the choice of ω; if in addition ω is a basis for the module of left invariant forms (i.e., D = d) the matrix λ is, of course, uniquely determined by ω. The case when G is an elliptic curve was analyzed in [7] for m = 1, 2, in which case λ was related to the Hasse polynomial and some p-adic deformations of it.
Remark 2.2. Assume, in this remark only, that G is a linear algebraic group over the complex numbers. Let δ be a C-derivation on the ring O(G) (i.e., a vector field on GL) and let Lie δ be the induced C-linear endomorphism of Ω G/C (the Lie derivative along δ). Let ω be a basis for the left invariant 1-forms on G, i.e., 1-forms invariant under the automorphisms of O(G) given by left translations. Also let us say that δ is right invariant if it commutes with all automorphisms of O(G) given by right translations. Then the following are equivalent: 1) Lie δ ω = 0; 2) δ is right invariant.
We would like to see condition 2.2 as an arithmetic analogue of the Condition 1); cf. also [4, 6, 7] . Note that, in [3] , Chapter 4, Section 4.11, we proved that, for G = GL n over R, there are no Frobenius lifts satisfying certain arithmetic analogues of Condition 2). The present paper can be viewed as being devoted to proving that there are no Frobenius lifts satisfying an appropriate arithmetic analogue of condition 1). Taken together these results can be viewed as a justification for the introduction of a number of substitutes for invariance of vector fields in [3] .
2.3. Linear algebraic groups. For our next discussion let us consider the multiplicative, additive, and general linear group schemes over an arbitrary ring A:
. As usual we view GL N as embedded in
Recall that a matrix u ∈ GL N (A) is called unipotent if u − 1 is nilpotent in gl N (A), where 1 = 1 N is the identity matrix. Also recall that if G is an affine group scheme of finite type over A then an element u ∈ G(A) is called unipotent if there exists an embedding G ⊂ GL N such that u − 1 is nilpotent in gl N (A) Definition 2.3. Let G be an affine group scheme of finite type and let u ∈ G(A) be a unipotent element. The index of u is the minimum of all integers n ≥ 1 having the property that there exists an embedding G ⊂ GL N such that (u − 1)
Remark 2.4. 1) If G is a torus over an integral domain A (i.e., G is isomorphic over the algebraic closure of the fraction field of A to a power of G m ) then G(A) has no non-trivial unipotent elements.
2) Let G over A = Z be either a power of G a or any of the classical groups GL n , SL n , Sp 2n , SO 2n , SO 2n+1 .
Here the Sp N and SO N groups are the split forms of the symplectic and orthogonal groups, i.e., the identity components of the subgroup schemes of the corresponding GL N defined by the entries of x t qx − q, where
respectively. Then it is well known that G(Z) contains unipotent elements of index 2. Cf. [3] , pp. 54 and 180.
3) Recall the following situation considered in the Introduction. Let K be a number field, let K a be its algebraic closure, let O K be the ring of integers of K, and let G OK be an affine group scheme of finite type over O K . We denote by G K a the algebraic group over K a obtained from G OK via base change. Furthermore, for any unramified prime p in O K denote by R p = O ur p the p-adic completion of the maximum unramified extension O ur p of the p-adic completion O p of O K . Finally denote by G Rp the group scheme over R p obtained from G OK via base change. Assume now G K a is connected but not a torus. Then, by [8] , p. 161, G K a (K a ) contains a non-trivial unipotent element. As a consequence, for all but finitely many primes p in O K the group G = G Rp over R := R p has the property that G(R) contains a non-trivial unipotent element of index ≤ p.
Main result
The moral of our paper will be that, for affine group schemes, Frobenius lifts that are Lie invariant mod p exist only in very special cases. First note: Our main result is the following: The rest of this note is devoted to the proof of Theorem 3.2. We need the following easy: Lemma 3.4. Let G be a smooth affine group scheme over R. Assume G(R) contains a non-trivial unipotent element u of index ≤ p. Then there exists a group homomorphism ι : G a → G over R and an embedding G ⊂ GL N over R such that the composition j :
where 1 2 , ν 2 are the 2 × 2 matrices,
Proof. Let G ⊂ GL N be an embedding such that (u − 1) p = 0. Write u = 1 + p e ν where e ≥ 0 and ν ≡ 0 mod p. Since ν p = 0 we have that β := p −e log(u) has coefficients in R, β p = 0, and hence exp(tβ) has coefficients in R[t]. So we may define a homomorphism
We claim that this homomorphism factors through a homomorphism ι : G a → G. Indeed, let F j be the polynomials (with coefficients in R) defining the ideal of G in GL n . We know that F j vanish on u and we want to check they vanish on exp(tβ). Let f j (t) := F j (exp(tβ)) ∈ R[t]. Since exp(p e kβ) = u k it follows that that f j (p e k) = 0 for all k ∈ Z. So f j (t) = 0 and our claim is proved. Let us denote by an overline the reduction mod p; in particular ν ∈ gl N (R) denotes the image of ν. By the theory of Jordan normal form, there is a matrix
, and all other ν ′ ij = 0. Lift v to a matrix v ∈ GL N (R). Changing the embedding G ⊂ GL N via conjugation by v we may assume ν ≡ ν ′ mod p. Set u ′ := 1 + p e ν ′ and
On the other hand
Then 3.1 holds and we are done.
Proof of Theorem 3.2. Assume the hypotheses of the Theorem and assume G(R) contains a non-trivial unipotent element of index ≤ p; we will derive a contradiction. By Lemma 3.4 there exists a homomorphism ι : G a → G and a closed embedding G ⊂ GL N such that the composition G a → GL N is given by 3.1. So if we set ξ = (ξ ij ), where ξ ij ∈ O(G) are the images of x ij , then
is non-empty. We continue to denote by ι : G 
Finally ι * (ξ −1 dξ) mod p has left invariant entries (because ι is a homomorphism) hence these entries are congruent mod p to R-multiples of dt. Taking ι * in 3.3, picking out the (N +1)-th entry, and dividing by dt, we get the following congruence in O(G 0 a ), and hence in R((t)):
for some µ ∈ R. Viewing z 12 , z 22 as series in t we see that the coefficients of t p−1
in the left and right hand sides of 3.4 are congruent to 1 and 0 mod p respectively, a contradiction; this ends our proof.
